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Abstract 

Given a finite set a of the unit disc D = {z £ C : |2:| < 1} and a holomorphic function / in B which belongs 
to a class X, we are looking for a function g in another class Y (smaller than X or incomparable with X) 
which minimizes the norm H^Hy among all functions g such that g\^^ = /|^. For Y = H^, X = (the Hardy 
space) or X = L/^ (the Bergman space), and for the corresponding interpolation constant c((T, X, H°°), we 
. show that c{a, X, H°°) < aipx (l — where n = #o", r = max\^cr |A| and where (px{t) stands for the 
CN ' norm of the evaluation functional f ^ f{t) on the space X. The upper bound is sharp over sets a with given 
■ n and r. 



Resume 

Etant donne un ensemble fini a du disque unite D = {zGC: |z|<1} et une fonction / holomorphe 
dans D appartenant a une certaine classe X, on cherche g dans une autre classe Y (plus petite que X ou 
incomparable avec X) qui minimise la norme de g dans Y parmi toutes les fonctions g satisfaisant la condition 
9\a = f\a- Oil montre que dans le cas Y = H°° , la constante d'interpolation correspondante c{a, X, H° 



< 

^ ' admet une majoration c{a, X, H°°) < aipx (l — oii n = ^a, r = maxx^„ |A| et ^x{i) est la norme de 
la fonctionnelle d'evaluation / i— )■ /(t), < t < 1, sur I'espace X. La majoration est exacte sur I'ensemble des 
a avec n et r donne. 
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^ ] (1) General framework. Let Hoi (D) be the space of holomorphic functions on the unit disc D. 

The problem considered is the following : given two Banach spaces X and Y of holomorphic functions 
O on the unit disc D, X, F C Hoi (D) , and a finite set a C D, to find the least norm interpolation by 
>■ functions of the space Y for the traces of functions of the space X, in the worst case of /. The 

case X C y is of no interests, and so one can suppose that either F C X or X, F are incomparable. 



5^ The classical interpolation problems- those of Nevanlinna-Pick (1916) and Caratheodory-Schur 
(1908) (see [N2] p. 231 for these two problems), on the one hand and Carleson's free interpolation 
(1958) (see [Nl] p. 158) on the other hand- are of this nature. Two first are "individual", in the sens 
that one looks simply to compute the norms ||/||j:^oo or \\f\\H°°iz^H°° ^'-'^ ^ given /, whereas the third 

|ct ' 

one is to compare the norms ||ct||;oo(o.) = Tnaxx^cr I^aI and 

^^/dl^lloo' 9W = ax, Xea). 
Let us first explain that our problem assemblies the ones of Nevanlinna-Pick and Caratheodory-Schur. 
(i) Nevannlinna-Pick interpolation problem 
Given A = (Ai, A„) in W and W = (wi, w„)e C", to find 

C (A, W) = tnfiWfW^ : / (A.) =w,,z = l..n} . 
The classical answer of Pick is the following : 



CiA,W) = tnf\c>0: f^^^\ »o 

I \ I - XiXj J i<ij<ri 
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where for any n x n matrix M, M » means that M is positive definite, 
(ii) Caratheodory-Schur interpolation problem 
Given A = (oq, a„) e C"+\ to find 

C (A) = m/ {||/||^ : f{z)=ao + a^z + ... + a„^- + ...} . 
The classical answer of Schur is the following : 

where is the Toeplitz operator associated with a symbol ip , (T<^)^ is the compression of on Vn , 
the space of analytic polynomials of degree less or equal than n , and (p is the polynomial X]fc=o ^kz'^- 
Notice that the Carathcodory-Schur interpolation theorem can be seen as a particular case of the 
famous commutant lifting theorem of Sarason and Sz-Nagy-Foias (1968) see [N2] p. 230, Theorem 
3.1.11. 

From a modern point of view, those two interpolation problems (i)&(ii) are unified through the 
following mixed problem : given 

• a = {Ai, A„} C D, the finite Blaschke product B^^ = Hjbx., where bx — , A e D, 

• / G Hol{3), 

to compute or estimate 

WfWH^/BHoo = ^n/ {II^IU ■■ B^Hoim ■ 

The classical Nevanlinna-Pick problem corresponds to the case X = ifo/(D), Y = H°°, and the one 
of Caratheodory-Schur to the case where Ai = A2 = ... = A„ = and X = Hol{3), Y = H°°. 

Here and everywhere below, stands for the space (algebra) of bounded holomorphic functions 
in the unit disc D endowed with the norm \\f\\^ = supz&D \f{z) \ . Looking at this comparison problem, 
say, in the form of computing/estimating the interpolation constant 

c(cT, X, Y) = supf^x,\\f\\x<iinf [WgWy : g\a = f\a} , 

which is nothing but the norm of the embedding operator (^X\„, \\-\\x^ j ~^ (^o-' IMIy| )' 

think, of course, on passing (after) to the limit- in the case of an infinite sequence {Xj} and its 
finite sections {Xj}^^^- in order to obtain a Carleson type interpolation theorem X\^ = Y\^. But not 
necessarily. In particular, even the classical Nevanlinna-Pick theorem (giving a necessary and sufficient 
condition on a function a for the existence of / G H'^ such that \\f\\^ < 1 and /(A) = a^, A G a), 
does not lead immediately to Carleson's criterion for — (Finally, a direct deduction of 

Carleson's theorem from Pick's result was done by P. Koosis [K] in 1999 only). Similarly, the problem 
stated for c {a, X, Y) is of interest in its own. It is a kind of "effective interpolation" because we are 
looking for sharp estimations or a computation of c (cr, X, Y) for a variety of norms \\-\\x > IMIy • Fo^' 
this paper, the following partial case was especially stimulating (which is a part of a more complicated 
question arising in an applied situation in [BLl] and [BL2]) : given a set cr C D, how to estimate 
c (cr, H'^, H°°) in terms oin — card{a) and max\^a |A| = r only? [H"^ being the standard Hardy space 
of the disc). 

Here, we consider the case of interpolation {Y = H^) and the following scales of Banach spaces 
X : 
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(a) X = HP = HP{B), 1 < p < oo, the standard Hardy spaces on the disc D (see [N2] p.31-p.57) of 
all / e Hol{B)) satisfying 

supo<r^i ( [ \f{rz)f dm{z)] < oo, 



T 



m being the Lebesgue normalized measure on T. 

(b) X = ll (l/\/k + l), the Bergman space of all f{z) = '^k>o f^^)^^ satisfying 



2 1 



< OO. 



k+l 

An equivalent description of this space is : X — Lil^, the space of holomorphic functions such that 



A;>0 

-2 



/ 



1/(2;)!^ dxdy < 00. 



For spaces of type (a)&(b), we show 



ciipx (^l - ^-^^ < sup {c (a, X, H°^) : #a < n, |A| < r, A G a} < C2^x {l - 

where Lpx{t), <t < 1 stands for the norm of the evaluation functional / 1— )■ f{t) on the space X. 
In order to prove the right-hand side inequality, we first use a linear interpolation: 



k=l 



where (., .) means the Cauchy sesquilinear form {h, g) = ^fc>o h{k)g{k), and {ek)^^i is the Malmquist 
basis (effectively constructible) of the space Kb — H'^QBH'^, B — Uf^^bx^ being the corresponding 
finite Blaschke product, bx — (see N. Nikolski, [Nl] p. 117)). Next, we use the complex interpola- 
tion between Banach spaces, (see H. Triebel [Tr] Theorem 1.9.3-(a) p. 59). Among the technical tools 
used in order to find an upper bound for ||Xlfc=i (/) ^k) ^kWao terms of ||/||j(^), the most important 
is a Bernstein-type inequality < Cp ll/llp for a (rational) function / in the star-invariant 

subspace := HphBzHp , 1 < p < 00 (for p = 2, = Kb), generated by a (finite) Blaschke prod- 
uct B, (K. Dyakonov [Dyal]&[Dya2]). For p — 2, we give an alternative proof of the Bernstein-type 
estimate we need and the constant C2 we obtain is slightly better, see Section 4. 

The lower bound problem is treated by using the "worst" interpolation n— tuple a = (7n,\ — 
{A, A}, a one-point set of multiplicity n (the Caratheodory-Schur type interpolation). The "worst" 
interpolation data comes from the Dirichlet kernels ^^Zq transplanted from the origin to A. We no- 
tice that spaces X of (a)&(b) satisfy the condition Xobx C X which makes the problem of upper/lower 
bound easier. 



(2) Principal results. Theorems A,C&D below in this paragraph, were already announced in the 
note [Zl]. 

Let a = {Ai,..., Ai, A2, A2, A^, A^} be a finite sequence in the unit disc, where every A^ is 
repeated according its multiplicity , Yll=i''^s = ^ and r = maXi=i,,t\W- Let X, Y be Banach 
spaces of holomorphic functions continuously embedded into the space Hol{B)). In what follows, we 
systematically use the following conditions for the spaces X and Y, 



Hol{{l -\- e)D) is continuously embedded into Y for every e > 0, 
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(P2) Pol^ C X and P0I+ is dense in X, 

where P0I+ stands for the set of all complex polynomials p, p{z) = "^^=0 ^k^^^ 



(P3) [/ e X] ^ e X , Vn > and Urn ||^"/||" < 1 

/ 



(P4) [/ G X, A e D, anci/(A) = 0] 

We are interested in estimating the quantity 



z-X 



e X 



c{a, X, Y) = supy\i,<,inf {\\g\\y : geY, g^^^ (A,) = f^^^ (A,) Vi, j, 1 < i < t, < j < m^} . 

In order to simplify the notation, the condition 

g(^) (A,) = f^^ (Xi) Vi, j, 1 < i < < i < m, 

will also be written as 

g\a = f\a- 

Supposing X verifies property (P4) and Y <Z X, the quantity c(cr, X, F) can be written as follows, 

c(cT, X, F) = SMp||/||^<im/{||^||y : g eY, g- f e B^X} , 



where Ba- is the Blaschke product 

B^^Ut.bx^, 

corresponding to cr, bx{z) = being an elementary Blaschke factor for A e D. 

The interesting case occurs when X is larger than Y, and the sens of the issue lies in comparing 
II . II X and II . II y when Y interpolates X on the set a. For example, we can wonder what happens 
when X = , the classical Hardy spaces of the disc or X = the Bergman spaces, etc., and when 
Y = H°°, but also Y = W the Wiener algebra (of absolutely converging Fourier series) or F = P^ 1, 
a Besov algebra (an interesting case for the functional calculus of finite rank operators, in particular, 
those satisfying the so-called Ritt condition). 

It is also important to understand what kind of interpolation we are going to study when bounding 
the constant c(a, X, Y). Namely, comparing with the Carleson free interpolation, we can say that 
the latter one deals with the interpolation constant defined as 

c (a, r{a), H^) = sup [inf (|| g \\^: g e P°°, g\^ = a) : a e r{a), ||a||,^ < l} . 



We also can add some more motivations to our problem 
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(a) One of the most interesting cases is y = H°°. In this case, the quantity c{a, X, H°°) has a 
meaning of an intermediate interpolation between the Carleson one ( when ||/||^ x supi<i<n \ f {\)\) 
and the individual Nevanlinna-Pick interpolation (no conditions on /). 

(b) There is a straight link between the constant c (a, X, Y) and numerical analysis. For example, 
in matrix analysis, it is of interest to bound the norm of an if°°-calculus < c ||/||^, / G H°°, 
for an arbitrary Banach space n-dimensional contraction A with a given spectrum cr{A) C a. The 
best possible constant is c = c (cr, H°°, W), so that 

c(a, H^, W) = sup\\f\\^<^sup{\\f(A)\\ : A : (C", |.|) ^ (C^ |.|) , \\A\\ < 1, a(A) C a} , 

where W — l^f — ^k>o f{k)z'' : ^k>o /(^") < stands for the Wiener algebra, and the interior 
sup is taken over all contractions on n— dimensional Banach spaces. An interesting case occurs for 
/ e H°° such that — (estimation of condition numbers and the norm of inverses oi n x n 

matrices) or /i^. = a^i^ ^^^^ estimation of the norm of the resolvent of an n x n matrix). 

We start studying general Banach spaces X and Y and give some sufficient condition under which 
Cn,r{X,Y) < oo , where 

Cn,r{X, Y) = sup {c{a, X,Y) :4a<n, Vj = l..n, \Xj\ < r} . 

In particular, we prove the following fact. 

Theorem A. Let X,Y be Banach spaces verifying properties (Pi), i — 1...4. Then 

Cn,r{X,Y) < OO, 

for every n > 1 and r, < r < 1 . 

Next, we add the condition that X is a Hilbert space, and give in this case a general upper bound 

for the quantity Cn^r{X, Y). 

Theorem B. Let Y be a Banach space verifying property (Pi) and X = {H, a Hilbert space 

satisfying properties (Pi) for i — 2, 3, 4. We moreover suppose that for every < r < 1 there exists 
e > such that kx G Hoi ((1 + e)D) for all \\\ < r, where k\ stands for the reproducing kernel of X 
at point X. and X t-^ kx is holomorphic on \X\ < r as a Hol{{l + e)I!>) -valued function. Let 
a = {Xi, .... Xi, X2, X2, Xt, .... Xf} be a sequence in B>, where Xg are repeated according their 
multiplicity rUg, Yll=i''^s = n. Then we have, 

^) 



c{a, H, Y)< 

\k=l / 

where (e^)^^! stands for the Gram-Schmidt orthogonalization (in the space H) of the sequence 

k\\fl) ^Ai,2---5 ^Ai,mi-l) ^A2,0) ^A2,l' ^A2,2---) ^A2,m2-1) ^At,0) ^At,l) ^At,2---) ^At,mt-1) 

and kx,i = kx, i e N. 
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ii) For the case Y — H°° , we have 

where P^^ = Yl^=i {-i^k^H^k stands for the orthogonal projection of H onto Kb^{H), 

Kb^{H) = span {kxj,i : 1 <i <mj, j ^ 1, t) . 

After that, we specialize the upper bound obtained in Theorem B (ii) to the case X — H"^, the 
standard Hardy space of the disc, which can be equivalently defined as 



I A:>0 A;>0 



< OO 



Among other results, we get the following (see Proposition 2.0) : for every sequence a = {Ai, A„} 
of D, 

c {a, H\ H^) < sup^^n ' < V2sup\^\=, |5'(C)p < 2^^- 

Next, wc present a slightly different approach to the interpolation constant c{a, H^, H°°) proving an 
estimate in the following form: 



c{a, H ,H ) <sup,^j\}_^ <^^,^_^ < 



1 + 


|A,| 


1 - 


|A,| 



\z- Afc P / \ ^ 1 - \Xj\ / V 1 - r 

It is shown (in Section 6) that this estimate is sharp (over n and r). This sharpness result is treated 
by using the "worst" interpolation n— tuple a — (Tn,\ = {A, A}, a one-point set of multiplicity n 
(the Caratheodory-Schur type interpolation). More precisely, we prove the following Theorem C, 
which contains the result from Corollary 2.1 and extends it to the H'p spaces, as follows. 

Theorem C. Let 1 < p < oo, n > 1, r e [0, 1), and A, |A| < r. We have, 

T) \ P I T) 

< c (a„, A, H^, H^) < Cn,r (H^, H°^) < A, 



32i VI- |A|y VI 

where Ap is a constant depending only on p and the left hand side inequality is proved only for 

p E 2Z_|_. For p = 2, we have A2 = \pl. 

In particular, this gives yet another proof of the fact that Cn.r[ii'^, H°°) < a^/n/\/l — r. 
For the Bergman space X = we have the following Theorem D. 
Theorem D. Let n > 1, r G [0, 1), and A, |A| < r. We have, 

^ < c K., Ll H-) < C,. {Ll H-) < 6v^^ . 

The paper is organized as follows. In Subsection 1.1 we prove Theorem A. Theorem B is proved 
in Subsection 1.2. Sections 2&3 are devoted to the proof of the upper estimate of Theorem C, and 
Section 6 to the proofs of the lower bounds from Theorem C&D. In Section 5 we compare the method 
used in Sections 1, 2, 3 and 4 with those resulting from the Carleson free interpolation. Especially, 
we are interested in the cases of circular and radial sequences a (see below) . 



1. Upper bounds for c(cr, X, F), as a kind of the 
Nevanlinna-Pick problem 

1.1. General Banach spaces X and Y satisfying properties {Pi) , 

i = 1...4 

In this Subsection, X and Y are Banach spaces which satisfy properties (P^) for i = 1...4. We 
prove Theorem A which shows that in this case our interpolation constant c((j, X, Y) is bounded by 
a quantity which depends only on n = 7^0" and r = maxi<j<„|Ai| (and of course on X and Y). In this 
generality, we cannot discuss the question of sharpness of the bounds obtained. First, we prove the 
following lemma. 

Lemma. 1.1.0. Under {P2), (-P3) and (P4), B^^X is a dosed subspace of X and moreover, 
B^X — {f & X : / (A) = 0, VA e (7 {including multiplicities)} . 

Proof. Since X C Hol^B) continuously, and evaluation functionals f ^ f{X) and / i->- f^'^^X), k e 
N*, are continous on ifoZ(D), the subspace 

M — {f & X : / (A) = 0, VA e (7 {including multiplicities)} , 

is closed in X. 

On the other hand, B^X C X, and hence B^X C M. Indeed, properties (P2) and (P3) imply that 
h.X C X, for all h e Hol{{l + e)D) with e > 0; we can write h{z) = Ylk>oHk)z'' with h{k) 

C > and g < 1. Then h{k)z''f 

hf = En>omz'feX. 

In order to see that M C B„X, it suffices to justify that 

[/ex and /(A) = 0] =^ [//6a = (1 - A^)//(A - z) e X] . 

But this is obvious from (Pi) and the previous arguments. □ 

In Definitions 1.1.1, 1.1.2, 1.1.3 and in Remark 1.1.4 below, a = {Ai, A„} is a sequence in the 
unit disc D, B„ = H^^ibx^ is the finite Blaschke product corresponding to a, where bx = is an 
elementary Blaschke factor for A e D. 

Definition 1.1.1. Malmquist family. For k e [1, n], we set fk{z) = Jr- , and define the family 
{ek)2=i, (which is known as Malmquist basis, see [Nl] p. 117), by 

(1.1.1) ei = ^ and e^ = {H-Zlbx,) 



< 00 for every f E X. Since X is a Banach space we get 

X 



II/1II2 ' Whh ' 

for k e [2, n], where \\fk\\^ = (1 - \Xk\T'^^ ■ 

Definition 1.1.2. The model space Kb„. We define Kb. to be the n-dimensional space 



(1.1.2) Kb. = {B^hY = H^QB^H\ 

Definition 1.1.3. The orthogonal projection PB.on Kb. • We define Pb. to be the orthogonal 
projection of on its n-dimensional subspace Kb. ■ 

Remark 1.1.4. The Malmquist family (e^)^^^ corresponding to a is an orthonormal basis of Kb. ■ 
In particular. 
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(1.1.4) 



k=l 



where (., .)^2 means the scalar product on H^. 

Lemma 1.1.5. Let a = {Ai, .... A„} be a sequence in the unit disc © and (cfc)^'^^ the Malmquist 
family (see 1.1.1) corresponding to a . The map $ : i/o/(D) — )■ F C i/o/(D) defined by 

k=l \j>0 / 

is well defined and has the following properties. 

(a) $1^2 = Pb,, 

(b) ^ is continuous on i?oZ(D) for the uniform convergence on compact sets ofB), 

(c) Let * = Id\x - then Im (*) C B^X. 

Proof. Indeed, the point (a) is obvious since {ekfl^^ is an orthonormal basis of Kb„ and 



j>0 



where (., .) means the Cauchy sesquihnear form {h, g) — Ylik>Q^i^)9i^)- -'-^ order to check point (b), 
let {fi)i^^ be a sequence of ifoZ(D) converging to uniformly on compact sets of D. We need to see 

that converges to 0, for which it is sufficient to show that limi '^j>o fi{j)ek{j) — 0, for 

every k — 1, 2, n. Let p e]0, 1[, then fi{j) — (27r)~^ J^r^ fi{w)w~^~^dw, for all j,l >0 . As a result, 



j>0 j>0 j>0 

Now if p is close enough to 1, it satisfies the inequality 1 < p~^ < r~^, which entails ^j>o 1^0)1 < 
+00 for each k — l..n. The result follows. 

We now prove point (c). Using point (a), since Pol+ C H"^ {Pol+ standing for the set of all complex 

polynomials p, p{z) = J2k=o^kz''), we get that Im {^\Pol_^.) C B^jH^. Now, since PoZ+ C Y and 

Im{^) C F , we deduce that 

Im {^\Poi^) c B^H'' n y C B,H^ n X, 

since Y C X. Now ^ (p) e X and satisfies = (that is to say (^ (pj) (A) = 0, VA G cr 

(including multiplicities)) for all p G Pol^. Using Lemma 1.1.0, we get that Im {^\poi+) C B^jX. 
Now, Po/+ being dense in X (property (P2)), and ^' being continuous on X (point (b)), we can 
conclude that Im{^) C B„X. □ 



Proof of Theorem A. Let a = {Ai, A„} be a sequence in the unit disc D and (e/j)^^^^ the 
Malmquist family (1.1.1) associated to a. Taking / G X , we set 
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9 = Y1 ( X!/0')efe(j) ) ek, 

k=l \j>0 



where the series ^j>Q f{j)ek{j) are absolutely convergent. Indeed, 



ek{j) = (27ri) ^ / ekiw)w ^ ^dw, 
Jbj 



for all j > and for all i?, 1 < i? < -. For a subset A of C and for a bounded function h on A, we 



define 



supz(zA \h{z) \ . As a result, 



\ek{3)\ < (27ri?^+^)-' \\ek\\j^ and |/(j>l(j) < {2t:R)-^ 116^11^ E k"(-^') < 

i>o j>o 

since R> 1 and / is holomorphic in ©. 

We now suppose that \\f\\x < 1 and g = $(/), where $ is defined in Lemma 1.1.5. Since 
Hoi (r^^D) C y, we have g' G F and using Lemma 1.1.5 point (c) we get 

where is defined in Lemma 1.1.5, as Moreover, 

Cfc) I llCfclly . 

k=l..n 

In order to bound the right hand side, recall that for all j >0 and for i? = 2/(r + 1) e]l, l/r[. 



E|7W40') <(2^)"M|efe|l2(.+i)-iTE|fe) (2-'(^ + l))'- 

Since the norm / i->- Ylj>o (2~^(r + 1))'' is continuous on Hol{B)), and the inclusion X C i?oZ(D) 
is also continuous, there exists > such that 

J]|7(j)|(2-^(r + l))^<C.||/||x, 

for every f ^ X. On the other hand. Hoi (2(r + 1)"^D) C Y (continuous inclusion again), and hence 
there exists Kr > such that 

||ejt||y < KrSUp\z\^2(r+l)-^ \^k{z) \ — Kr ||efe||2(r+i)-iT ■ 

It is more or less clear that the right hand side of the last inequality can be bounded in terms of r 
and n only. Let us give a proof to this fact. It is clear that it suffices to estimate 

SMPl<|2|<2(r+l)-i \ek{z) \ . 

In order to bound this quantity, notice that 



(1.1.6) 



\bx(z)\^< 



X-z 



1-Xz 



1 + 





2 






AP) 




1-Xz 


2 
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for all A e D and all z e |A| ^D. Using the identity (1.1.6) for A = A^, 1 < j < n, and z — pe'*, 
p — 2(1 + r)~^, we get 



|e,(pe^*)|^< (n)-J|6,^.(pe^*)f 



1 



1 - Afepe^* 

for all k = 2. .11. Expressing p in terms of r, we obtain 



|e.||,,„,-., < 

r+1 \ 



2 n 



j=l..n-l 



1 + 



2(;^-l) 



1 — r 



2 4 



=: Ci(r,n), 



and 



5^|/(j)4(j) < (27r)-ia||efc||2(.+i)-iT II / IU< (27r)-iaCi(r,n) || / 
On the other hand, since 



\x 



ICfelly < i^r lkA;|l2(r+l)-iT — ^rCl{r,n), 



we get 



l^lly < J2i^7r)-'CrC,{r,n) ||/||^ i^,Ci(r, n) = {27r)-'nCrKr {C,{r,n)y 



k=l 



which proves that 



X ' 



c{(T,X,Y) < {27r)-^nCrKr{Ci{r,n)f 
and completes the proof of Theorem A. □ 

1.2. The case where X is a Hilbert space 

We suppose in this Subsection that X is a Hilbert space and both X, Y satisfy properties (Pj) 
for i = 1...4. We prove Theorem B and obtain a better estimate for c{a, X, Y) than in Theorem A 
(see point (i) of Theorem B). For the case Y = H°°, (point (ii) of Theorem B), we can considerably 
improve this estimate. We omit an easy proof of the following lemma. 

Lemma. 1.2.0. Let a = {Ai, Ai, A2, A2, Xt, be a finite sequence of 3 where every A^ is 

repeated according to its multiplicity rUg, Yll=i''^s — n. Let {H, be a Hilbert space continuously 

emebedded into Hol{p) and satisfying properties {Pi) for i = 2, 3, 4. Then 

KbAH) =: HQB^H = span {kx,,i : I < j < t, < i < ruj - l) , 

where k\^i = k\ and k\ is the reproducing kernel of H at point A for every A e D, ie. k\ & H 

andf{X) = {f, kx)H,yfeH. 

Proof of Theorem B. i). Let / G X, ||/||^ < 1 . Lemma 1.2.0 shows that 



k=l 



is the orthogonal projection of / onto subspace Kb„- Function g belongs to Y because all kx.^i are in 
Hol{{l + e)D) for a convenient e > 0, and Y satisfies (Pi). 
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On the other hand, g — f & B^H (again by Lemma 1.2.0). Moreover, using Cauchy-Schwarz 
inequahty, 

/ n \ 1/2 / n \ 1/2 / „ N 1/2 

fc=i \fe=i / \fc=i / \fe=i 

which proves i). 

ii). UY ^H°°, then 

\9{z)\ = \{Plf,k.)H\ = \{f,Plk,)H\ < \\f\\H \\PbM\h^ 
for all ^ e D, which proves ii). □ 

2. Upper bounds for Cn,r {H^, H°^) 

In this Section, we specialize the upper estimate obtained in point (ii) of Theorem B for the case 
X = H"^, the Hardy space of the disc. Later on, we will see that this estimate is sharp at least for some 
special sequences a (see Section 6) . We also develop a slightly different approach to the interpolation 
constant c((T, if^, H°°) giving more estimates for individual sequences a — {Ai, A„} of D. We 
finally prove the right-hand side inequality of Theorem C for the particular case p — 2. 

Proposition. 2.0. For every sequence a — {Ai, A„} o/D we have 



1/2 



{h) c (a, H\ H^) < x/25«p|c|=i |5'(C)|^ = \/2s«p|^|=i 

(1 - A,C) KKQ) 

Proof. We prove (/i). Applying point (ii) of Theorem B for X = H"^ and Y — H°°, and using 



fe(C) = and (PsX) (C) = ^"t'^-f""^^ - 

(see [Nl] p. 199), we obtain 



\PR.k 



1 - 




1 




z 


2 



2\ 1/2 



which gives the result. 

We now prove (/s), using {h). The map ( ^ ||^b(A;c)|| = sup{\f{Q\ : f e Kb, ||/|| < 1} , and 
hence the map 



is a subharmonic function so 

12 \ 1/2 



i_m)\'V" 



/1-|5(C)PV'' ,. /l-|5(rw)|2\ 
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Now apply Taylor's Formula of order 1 for points w & T and u — rw, < r < 1. (It is applicable 
because B is holomorphic at every point of T) . We get 

{B{u) - B{w)) {u - w)-^ = B'{w) + o(l), 

and since |ii — = 1 — 

\{B{u) - B{w)) {u - w)-'^\ = \B{u) - B{w)\ (1 - \u\y^ = \B'{w) + o(l)|. 

Now, 

\B{u) - B{w)\ > \B{w)\ - \B{u)\ = 1 - \B{u)\, 
(1 - \B{u)\) (1 - \u\)-' < (1 - \u\)-' \B{u) - B{w)\ = \B'{w) + o(l)|, 

and 

lirrir^i ((1 - \B{rw)\) (1 - \rw\)-^y < Vl^'HI- 



Moreover, 



i=l 



for all w e T . This completes the proof since 

1 - \B{rw)\^ _ (1 - |^(rw)|)(l + \B{rw)\) ^^ 1 - \B{rw)\ ^ 
1 — Iru'P (1 — |r'i/;|)(l + |ri(;|) ~ 1 — |ri(;| 

CoroUairy. 2.1. Let n> 1 and r e [0, 1[. Then, 

Cn,r{H',H'^)<2{n{l-r)-')K 
Indeed, applying Proposition 2.0 we obtain 



\B'(w)\ < 



j2 i-i^'i' 



1 + r 2n 
< n < 



1 — r 1 — r 



Now, we develop a slightly different approach to the interpolation constant c((7, H"^, H°°). 
Theorem. 2.2. For every sequence a — {Ai, A„} o/D , 



□ 



Proof. In order to simplify the notation, we set B — B^. We consider Kb (see Definition 1.1.2) and 
the Malmquist family (e^) corresponding to a (see Definition 1.1.1). Now, let f e H"^ and 

n 

g = Psf = E (•^' ^k) Cfc, 

k=l 

(see Definition 1.1.3 and Remark 1.1.4). Function g belongs to H°° (it is a finite sum of H°° functions) 
and satisfies g — f E BH"^. Applying Cauchy-Schwarz inequality we get 
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1^(01 < E ^^)hA |e.(C)l < E ^^)hA" E , ' J ' 

for all C G ID'- As a result, since / is an arbitrary H"^ function, we obtain 

which completes the proof. □ 
Corollary. 2.3. For any sequence o — {-^i; -^n} ; 

Indeed, 



and the result follows from Theorem 2.2. □ 



2 



Proof of Theorem C (p = 2, the right-hand side inequality only ). Since 1 + |Aj| < 2 and 
1 — > 1 — r for all j e [1, n], applying Corollary 2.3 we get 

Remcirk 2.4. As a result, we get once more the same estimate for Cn,r{H'^, H°°) as in Corollary 
2.1, with the constant -\/2 instead of 2 

It is natural to wonder if it is possible to improve the bound -\/2n^/^(l — r)""^/^. We return to this 
question in Section 5 below. 

3. Upper bounds for Cn,r {H^, ,p>l 

In this Section we extend Corollary 2.1 to all Hardy spaces : we prove the right-hand side 
inequahty of Theorem C, p 7^ 2. We first prove the following lemma. 

Lemma. 3.0. Let n> 1 and < r < 1. Then, 

CnAH\H'^)<2n{l-r)-\ 
Proof. Let f e such that ||/||^i < 1 and let 

9 = Hf) = Yl 

k = l..n 

where, as always, (6^)^^-^ is the Malmquist basis corresponding to a (sec 1.1.1), $ is defined in Lemma 
1.1.5 , and where (., .) means the Cauchy sesquilinear form (/, g) = ^k>Qh{k)g{k). That is to say 
that. 
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k=l..n \ k=l..n I 



for all C e If, which gives, 



1^(01 < 11/11 



fc=l..n 



< 



fe=l..n 



Since Blaschke factors have modulus 1 on the unit circle, 



\ek\\Hoo < (l + |Afe|)'/'(l-|Afe|)-'/' 



As a consequence. 



fe=i fc=i 
for all C £ ID', which completes the proof. 



fe=i 



□ 



Proof of Theorem C (p 2, the right-hand side inequality only). Let a = {Ai, A„} be a sequence 
in the unit disc D, = ^7=ihi, and T : — > H°°/B^H'^ be the restriction map defined by 

Tf^{geH°°:f-ge B^H^} , 

for every /. Then, 



There exists < ^ < 1 such that 1/p = 1 — 0, and since (we use the notation of the interpolation 
theory between Banach spaces sec [Tr] or [Be]) [H^,H°°]q = (a topological identity : the spaces 
are the same and the norms are equivalent (up to constants depending on p only), see [J]), 

II T \\[m,Hoo]^--,H'^ /B^H'=^< {Mc{(7, H^,H°°)Y ^ {A^c{a, H°°,H°°)f , 
where Ai, A^o are numerical constants, and using. Lemma 3.0, the fact that c {a, H°°, H°°) < 1, and 
a known interpolation Theorem (see [Tr], Theorem 1.9. 3- (a) p. 59), we find 

II T \\im,H^]^^H^/B.H^< {2A,n{l - r)-')'-' Al = {2Ar)'-' A^ {n{l - r)-')' , 
which completes the proof. □ 

4. Upper bounds for Cn,r {Ll, H"^) 

In this Section, we generalize Corollary 2.1 to the case of spaces X which contain H^: X — 
((^ + 1)")' Q; < 0, the Hardy weighted spaces of all f{z) — X^fc>o /(^)^^ satisfying 



2 
X 

k>0 



X|/>) (A; + l)^"<oo. 



Notice that = ll{l) and LKD) = ^(/c + 1) ^j. We prove the right-hand side inequality of 

Theorem D and the main technical tool used in its proof is a Bernstein-type inequality for rational 
functions. 

4.1. Bernstein- TYPE inequalities for rational functions 
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Bernstein-type inequalities for rational functions were the subject of a number of papers and mono- 
graphs (see, for instance, [L], [BoEr], [DeLo], [B]). Perhaps, the stronger and closer to ours (Proposition 
4.1) of all known results are due to K.Dyakonov [Dyal]&[Dya2]. First, we prove Proposition 4.1 below, 
which tells that if a = {Ai, A^} C D, r = maxj \Xj\ , and / G Kb^, then 



< a 



n, r 



where an.r is a constant (explicitly given in Proposition 4.1) depending on n and r only such that 
< an^r < liz^ • Proposition 4.1 is in fact a partial case {p = 2) of the following K. Dyakonov's 
result [Dyal] (which is, in turn, a generalization of M. Levin's inequality [L] corresponding to the case 
p — oo) : it is proved in [Dyal] that the norm ||-D||^p_^^p of the differentiation operator Df — f 

on the star-invariant subspace of the Hardy space H^, :— fl BzHp, (where the bar denotes 
complex conjugation) satisfies the following inequalities 



B 



< 



B 



for every p, 1 < p < oo where Cp and Cp are positives constants depending on p only, 5 is a finite 
Blaschke product and ||.||^ means the norm in L°°(T). For the partial case considered in Proposition 
4.1 below, our proof is diflFerent and the constant is slightly better. More precisely, it is proved in 
[Dyal] that C2 = ci — and c = 2-\/37r (as one can check easily (c is not precised in [Dyal])). 
It implies an inequality of type (tAt) (with a constant about ^ instead of |) . 

In [Z2], we discuss the "asymptotic sharpness" of our constant a^^r '■ we find an inequality for 
sup ||-D||^ ^fj2 = Cn.r {sup is ovcr all B with given n = deg B and r = max X(z„ \X\) , which is 

asymptotically sharp as n — )■ 00. Our result in [Z2] is that there exists a limit lirrin^^-'^ — '^^ 



l-r 



for every r, < r < 1. Our method is different from [Dyal]&[Dya2] and is based on an elementary 
Hilbert space construction for an orthonormal basis in Kb- 

Proposition. 4.1. Let B — H^^^hx., he a finite Blaschke product (of order n), r — maXj \Xj\ , and 
f eKb^ H^QBH^. Then for every n > 2 and r E [0, 1), 



f 



< ar. 



where an,r — [l + (1 + r)(n — 1) -|- \/n — 2\ (1 — r) ^ and in particular, 

5 



/ 



< 



n 



//2 , 



for all n > 1 and r e [0, 1) . 
Proof. Using Remark 1.1.4, / 



PbI = ELi (/' ^k)m efe, "^f ^ Kb. Noticing that. 



1 u' 

^ 0.. — 



1 



1=1 



K (1 - XkZ) 



Cfe, 



for k e [2, n], we get 



/' = (/, ei)jj2 e'l + ^ (/, efe)^2 e'^ = 



fe=2 

fc-1 

0^ 



^ 1 
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Ai 



n n—1 



^ 1 



which gives 

Ai 



n I,' n—1 



(I-A12;) tr^^^fctti fc^ (1-Afc^) 

where X[i,fe_i] is the characteristic function of [1, A; — 1]. Now, 



Ai 



i?2 



(1 - Ai^) 



< ei)if2| 



^2 



Ai 



(1 - Ai^) 



< WfWm \Wi\\h^ i'^^i'^' - 



1-r ' 



using Cauchy-Schwarz inequahty and the fact that Ci is a vector of norm 1 in H^. By the same reason, 
we have 



Afe (/, efe)^2 -7- = 

k=2 \^ ~ 



kz) 



if2 k=2 



l|efe||i/2 < 



TL I Tt \ 2 



Further, 



fe=2 



n—1 7' n 

Er 5Z ^^(/' 









^maxi<j<„_i 













yk=2 

n—1 
<E 

ff2 i=l 
n—1 / n 



E (/' ^fc)//2 efc 

6', 



fc=i+l 



Now, using 



we get 



Finally, 



1=1 \k=i+l 



- 1 



i?2 

n-1 

j=l 



li?2 



(1 - A,^) (A, - z) 



n—1 n 

E 5^ E ^^^H^ 

i=l k=i+l 



^ 1 + IA.I ^ 1 + r 
- 1-|A,| - 1-r' 

n — 1 



- (^ + ^^137 ii-' 11^' 



In particular. 



if2 



< [1 + (1 + r)(n - 1) + (1 - r)-^ ||/||^2 . 



^2 < (2n - 1 + V^^) (1 - r)-^ 11/11^2 < 5.2-Vl - r)"^ ||/||^2 , 

< (l-r)-i 



for all n > 2 and for every / e Kb- (The case n = 1 is obvious because 
every / of the form / = (l - Az) , A e D). 



H2 



H2 for 
□ 



4.2. An upper bound for c (ct, L^, 
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CoroUairy. 4.2. Lei a he a sequence in D. T/ien, 

c (a, ((fc + 1)-^) , H^) < 6^2 (n(l - r)"^)'/' . 

Indeed, let H — ((/c + and B — B„ the finite Blaschke product corresponding to a. Let Pb be 

the orthogonal projection of H onto = Kb{H'^)- Then PB|ij2 = Pb, where Pb is defined in 1.1.4. 

We notice that Pb : H ^ H is a bounded operator and the adjoint Pb '■ H* — ?> H* of Pb relatively 
to the Cauchy pairing (., .) satisfies Pb*(^ = Pb^P = Pb^ ,Vip e H* C H^, where H* = {{k + 1)^) 

is the dual of H with respect to this pairing, li f e H, then 
where ki^ — (l — (z) ^ e H'^ and 

Pb/(C)| < \\f\\H\\PBk\\H* < \\f\\HK{\\PBk<:\\B2 + WiPskc:)' 

where 

K = max {l, supk>i{k + = 2 

Since Pb^'c ^ Kb, Proposition 4.1 implies 

Pb/(C)| < 11/11^, K {\\PBkc\\B. + 5.2-^ (n(l - r)"!) HP^^cll^O < ^ (^(1 - ^)"')'^' IM 11^ , 

where A = V2K (1/2 + 5/2) = 6^2, since {{PBkcW^ < V2 (n(l - r)'^)^^^ , and since we can suppose 
n > 2, (the case n — 1 being obvious). 

□ 

Proof of Theorem E (the right-hand side inequality only). The case a = corresponds to X — 
and has already been studied in Section 1 (we can choose A{0) = V^). We now suppose a < 0. Let 
= U2=ibxi and T : ll {{k + 1)") — > H°°/B^H'^ be the restriction map defined by 

Tf^{geH^: f - g e BJliik + ly)} , 

for every /. Then, 



II T ||/2((fc+i)a)_^.^fcx./B^ijoo= c(a, ll {{k + 1)") , . 

Setting 9 = —a with < ^ < 1, we have (as in Theorem D, we use the notation of the interpolation 
theory between Banach spaces see [Tr] or [Be]) 

[ll {{k + If) , ll {{k + 1)-%^, = ll {{{k + irf-^ {{k + irY') - la {{k + m , 

which entails, using Corollary 4.2 and (again) [Tr] Theorem 1.9.3-(a) p. 59, 

II T \\PM,+,).)^H^/B.H^< (c (a, ll {{k + 1)°) , H-'))'-' (c {a, ll {{k + 1)-^) ,H°<^)Y< 



1-9 I 39 
2 2 



< (^A(O) (n(l -r)-i)5j (^A(l) (n(l -r)-^)^j = A{OY-^A{lf {n{l - r)-')' 

It remains to use 6 = —a and set ^4(0;) = A[Oy~^A{iy. In particular, for a = —1/2 we get 
(l-^)/2 + 3^/2 = 1 and 

A (-1/2) = A{Of-'/^^A{iy/^ = V2'^'(6V2)V2 = 2^3. 



□ 
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5. About the links with Carleson interpolation 

Recall that given a (finite) set a = {Ai, A„} C D, the Carleson interpolation constant Ci{a) is 
defined by 

Cj{a) = supiia\\ioo<iinf (|| g \\oo- 9 e g\a = a) . 
We introduce the evaluation functionals (px for A e D, as well as the evaluation of the derivatives (px g 
(s = 0,l,...) 

V^a(/) = /(A), / ex, and^,,,(/) = /W(A), f e X. 

Theorem 5.1. Let X be a Banach space, X C Hol{B)), and a = {Ai, A„} be a sequence of 
distinct points in the unit disc D. We have, 

maxi<i<n W^PXiW < c{a, X, H°°) < Ci{a).maxi<i<n ||</?aJ| , 
where Ci{a) stands for the Carleson interpolation constant. 

Theorem 5.1 tells us that, for a with a "reasonable" interpolation constant C/((t), the quantity 
c((T, X, H°°) behaves as maxi ||<^Aill- However, for "tight" sequences a, the constant Ci{a) is so large 
that the estimate in question contains almost no information. On the other hand, an advantage of the 
estimate of Theorem 5.1 is that it does not contain #(j = n exphcitly. Therefore, for well-separated 
sequences a, Theorem 5.1 should give a better estimate than those of Theorem C and Theorem D. 

Now, how does the interpolation constant C/(o") behave in terms of the caracteristics r and n of o"? 
We answer this question for some particular sequences a, see Exemples 5.2, 5.3 and 5.4. 

Proof of Theorem 5.1. Let / G X. By definition of Ci{a), there exists g G H°° such that 

/ (Aj) = g (Ai) Vi = l..n with || g \\^< Ci{a)maxi \f {Xi)\ < Ci{a)maxi \\ipxi\\ \\f\\x ■ 

Now, taking the supremum over all / G X such that \\f\\x ^ Ij we get the right-hand side 
inequality. The left-hand side one is clear since ii g E H°° satisfies / (Aj) = g (Aj) Mi = l..n, then 

II g ||oo> \g{Xi)\ = \f{K)\ = \^xAf)\ , = i..n. □ 

Now, how does the interpolation constant Ci{a) behave in terms of the caracteristics r and n of cr? 
In what follows, we compare these quantities for three geometrically simple configurations : two-points 
sets a, circular and radial sequences a. The proofs of the following statements (5.2, 5.3 and 5.4) are 
given in [Z3]. 

Example. 5.2. Two points sets. Let a — {Ai, A2}; Aj G D, Ai 7^ A2. Then, 

\bx, {X2)\-'<Ci{a)<2\bx, {X2)r\ 

and Theorem 5.1 implies 

c((7, X, H^) < 2 \bx, (A2)r'maxi=i,2 I^aJI , 

whereas a straightforward estimate gives 

c(cT, X, if~) < llv^Aill +maxix\<r llv^Aall (1 + |Ai|), 

where r = max (|Ai| , IA2I) and the functional ipx,i is defined in the beginning of Section 5. The 
difference is that the first upper bound blows up when Ai — >■ A2; whereas the second one is still well- 
bounded. 

Example. 5.3. Circular sequences. Let < r < 1 and a — {Ai, A2, A„}; \ ^ Xj, \Xi\ — r for 
every i, and let a — mini^j\Xi — Aj|/(1 — r). Then, < Ci{a) < 8e^ {i+Ka )^ where K, K' > 
are absolute constants. Therefore, 

c{a, X, //~) < 8e^'('+^°"')maa;|Ai=r ||v^a|| 
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for every r — circular set a (an estimate does not depending on n explicitly). In particular, there 
exists an increasing function ip : M_|_ — )■ such that, for any n uniformly distributed points Ai, \n, 
= r, \\i — Aj+il = 2rsin (^), we have 

(1) c((T, if^, H°°) < cp (n(l — r)r~^) (1 — r)~5 ^ for every n and r, < r < 1 and in particular, for 
n < [r(l — r)~^] we obtain 

c((j, //^ H^) < c(l -r)-^ 
whereas our specific upper bound in Theorem C, (which is sharp over all n elements sequences a), 
gives 

c((j, E'^, H^) < c(l -r)-^ 

only. 

(2) c{a, Ll, H°°) < If (n(l — r)r^^) (1 — r)^^ , for every n and r, < r < 1 and in particular, for 
n < [r(l — r)~^] we obtain 

c(<j, Ll H^)<c{l-r)-\ 

whereas our specific upper bound in Theorem D, ( which, again, is sharp over all n elements sequences 
a), gives 

c{a, Ll, H-)<c{l-r)-' 

only. 

Example. 5.4. Radial sequences. Now we consider geometric sequences on the radius of the unit 
disc D, say on the radius [0, 1). Let < p < 1, p G (0, oo) and 

A, = l-p^+^ j = 0, ...,n, 

so that the distances 1 — A^ = form a geometric progression; the starting point is Aq = 1 — p^. 
Let 

r = maxQ<j<n\j = A^ = 1 - 
and 8 = S{B) = mino<k<n \Bk (Afc)| , where = b^^B. It is known that < Ci{a) < 85~^, see 
([Nl], p 189). So, we need to know the asymptotic behaviour 5 — S{B) when n — >■ oo, or p — >■ 1, or 
p — 7- 0, or p — )■ oo, or p — )■ 0. 

Claim. Let crn,p,p = {l ~ P^~^'^}2-i' < p < 1, p > 0. The estimate of c(a, H^, H°^) via the Carleson 
constant Ci{a) (using Theorem 5.1) is comparable with or better than the estimates from Theorem C 
(for X — H^) and Theorem D (for X = L^) for sufficently small values of p (as p —?■ 0) and/or for a 
fixed p and n — )■ oo. In all other cases, as for p — > oo (which means Ai — >■ 1), or p — >■ 1, or n ^ oo 
and p — >■ 1; it is worse. 

Remark 5.5. More specific radial sequences are studied in [Z3] : sparse sequences a (p — > 0, or at 
least 0<p<e<lj; condensed sequences o" (p — >■ 1) and long sequences (n — >■ oo). 

6. Lower bounds for C^^(X, H^) 
6.1. The cases X = H'^ and X = Ll 

Here, we consider the standard Hardy and Begman spaces on the disc D: X — H"^ — Z^(l) and 
X = Ll = laiik + 1)~^/^), and the problem of lower estimates for the one point special case an,x = 
{A, A, A}, (n times) A e D. Recall the definition of our constrained interpolation constant for this 

case 



cK,,, H, H^) = sup{\\f\\Hoo/,n„oo : feH, ||/||^ < l} , 
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where \\f\\H^/b'^H'^ — inf {\\f + b"g\\^ : g e H}. Our goal in this Subsection is to prove the 
sharpness of the upper estimate from Theorem C (p = 2) and Theorem D for the quantities 
Cn,r (H'^, H°°) and Cn,r {Ll, H°°) , that is to say, to get the lower bounds from Theorem C {p — 2) 
and Theorem D. 

Recall that the spaces ((A; + 1)") are defined in Section 4. 

In the proof, we use properties of reproducing kernel Hilbert space on the disc D, see for example 
[N2]. Let us recall some of them adapting the general setting to special cases X — ll {{k + l)"") . As 
it is mentionned in Section 4, 



ii {{k + ir) = / = E f(k>' ■ 11/11' = E i/>)i'(^ + 1)'" <^\- 

I fe>0 fe>0 J 

The reproducing kernel of {{k + 1)"), by definition, is a l"^ {{k + l)")-valued function A i — > A;", 
A G D, such that (/, k^) = /(A) for every f & l"^ {{k + where (., .) means the scalar product 

(h, 9) = Ek>oHk)W){k + Since one has /(A) = Zk>o fik)X'{k + l^k + l)-^" (A e D), it 

follows that 



k'^{z) = Y,ik + 1)2" aV, zeB. 

k>0 

In particular, for the Hardy space H'^ — (a = 0), we get the Szego kernel 

kx{z) = il-Xz)-\ 

for the Bergman space — ll (j^k + j (a = —1/2) - the Bergman kernel k'^^^'^{z) = (1 — Xz)'^. 

We will use the previous observations for the following composed reproducing kernels (Aronszajn- 
deBranges, see [N2] p. 320): given the reproducing kernel k of and G {z'^ : N — 1, 2}, the 
function ip o k is also positive definit and the corresponding Hilbert space is 

H, = ^m = ii[ik+i)'^) . 

It satisfies the following property : for every / G i?^, cpo f e ^{H'^) and Hv'o /||^(/^2) < ¥'(11/11^2) (see 
[N2] p.320). 
We notice in particular that 



(6.1.0) H, = and H,2 = 

The above relation between the weighted spaces {{k + 1)") and the spaces (p{H'^) = leads to 
establish the prove of the left-hand side inequahties from Theorem C (for p — 2 only) and Theorem 
D. 



Proof of Theorem C {p = 2) and Theorem D, (left-hand side inequalities only) . 
1) We set 

n-l 

g„ = E(l- I'^H'^'^Ul-^'^)''' Hn= ipoQ^ and ^ = bHn,b>0. 

k=0 
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Then HQnlll — hence by the above Aronszajn-deBranges inequahty, 

m'H,<b'^{\\Qn\\D-bMn). 

Let 6 > such that b'^(p{n) — 1. 

2) Since the spaces H^p and H°° are rotation invariant, we have c (cr„, a, -f^^', = c (cr^,n, -f^v', 

for every X, fi with |A| = = r. Let A = — r. To get a lower estimate for /b"H consider G 

such that * - G e blHol{B), i.e. such that bH^obx-Gobxe z^'H 01(B). 

3) First, we show that 

ip =: obx= bHnO bx 
is a polynomial (of degree n if <^ = 2; and 2n if ip = z"^) with positive coefficients. Note that 



= (1 - r')-^/^ ^1 + (1 + ^) 1^ ^fc + ^^n j ^. (1 _ ^2)-l/2^^_ 

Hence, ^ = * o 6;^ = obx^bcpo ^(1 - r^)"^ Vi) and 

(^oV^i = <(z), TV =1,2. 

4) Next, we show that 

where m = n/2 if n is even and m = (n + l)/2 if n is odd. 

Indeed, setting Sn = Yl]=o we have both for A'" = 1 and N — 2 

Next, we obtain 



t=i 



E(^.^)-E 



= 5: ((1 - = EC^j'*:*-.^' = EC^k,-. = 

m + 1 = 1 ^ r n/2if N^l ^ j n/2if N ^1 



{m + l){m + 2)/2if N ^2 - \ {n + 2){n + 4)/8if N ^ 2 -\n^/8ifN^2 ' 
Finally, since YTii^) = &E"'(<^ o V'l) = 6 (1 - r^) "^/^ ^^"^(V'f ) we get 



(2(1 -r))-i/2^6/2i/ A^ = 1 
(2(l-r))-V6/8i/A^ = 2 ' 
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n^^/'^ if N — 1 

with b = (pin) = < _i . r r. • This gives the result claimed. 
^ ' ' n ij JV — 2 



5) Now, using point 4) and denoting F„ = + z^^rm where stands for the k-ih Fejer kernel, 
we get 

m 

||*||ffoc/6n^oo = U\\H^j,nH^ > 2"^ 1 1 * F„ 1 1 > 2-lJ]^(j) > 

3=0 

r {A^/2)-^^n{l-r)-HfN^l 
6) In order to conclude, it remains to use (6.1.0). 

□ 

6.2. The case X = HP 

Here we prove the sharpness ( for even p) of the upper estimate found in Theorem C. We first prove 
the following lemma. 

Lemma. 6.2.0 Let p,q such that - e then c{a, Hp,H°°) > c (a, H'^,H°°)p for every sequence a 
ofB. 

Proof. Step 1. RecaUing that 

c{a, HP, H^) = sup\\f\y<iinf {\\g\\^ : g eY, g\^ = f\^} , 

we first prove that 

c((7, HP, H^) = sup\\f\\^<ijouterinf {\\g\\^ : g eY, g\^^ f\^} . 
Indeed, we clearly have the inequality 

sm\f\\p<iJouterinf {\\g\\^ : g eY, gi^ = /|^} < c{a, W\ H°^) , 

and if the inequality were strict, that is to say 

sup\\f\\^<ijouterinf {\\g\\^ ■■ g^Y,g\„^ /|^} < sup\^f\\^<iinf {\\g\\^ ■ g^Y,g\„^ /|^} , 

then we could write that there exists e > such that for every / = fi.fo G H^ (where stands for 
the inner function corresponding to / and /„ to the outer one) with < 1 (which also implies 

that ll/ollp < 1, since ||/o||p = ||/||p), there exists a function g G H^ verifying both \\g\\^ < (1 — 
e)c((7, HP, H°°) and g\^ = fo\a- This entails that f\^ = {fig)\a and since \\fig\\^ = \\g\\^ < (1 - 
e)c(cT, HP, H°°) , we get that c(a, Hp, H°°) < (1 - e)c{a, HP, H'^), which is a contradiction and 
proves the equality of Step 1. 

Step 2. Using the result of Step 1, we get that Ve > there exists an outer function /<, e H'^ with 
II/0II5 ^ 1 and such that 

{ll^lloo ■9^Y,g\,^ > c{a, H\H^) - e. 

Now let F ^ fl e HP, then = \\fo\\l < 1. We suppose that there exists g e H°° such that 

g\a = F\a with 

ll^lloo<(c(^, H\H-^)-e)i. 
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Then, since g{Xi) — F (Xi) — /o(Aj)p for all i — l..n, we have g{\)'' — fo{Xi) and gi e H°° since 

<{c{a, H\H^)-e)K 



I e Z+. We also have 



£ 



Woo 



which is a contradiction. As a result, we have 

ll^lloo>(c(^, H\H^)-e)i, 
for all g e H°° such that g\cr — F^a, which gives 

c(a,m,H^)>(c{a, H\H^)-e)i, 
and since that inequality is true for every e > 0, we get the result. 

Proof of Theorem C (the left-hand side inequality forp G 2N, p > 2 only). We first prove the lower 
estimate for c ((7„_a, H^, H°°) . Writing p — 2(p/2), we apply Lemma 6.2.0 with q — 2 and this gives 

cKa, H',H°^) > c(a„,A, H^H^y^ > 32"^ (n(l - |A|)-i)i 

for all integer n > 1. The last inequality is a consequence of Theorem C (left-hand side inequality) 
for the particular case p — 2 which has been proved in Subsection 6.1. □ 



□ 
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